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Raising a payload by deploying it from an orbiter on a long tether and then releasing it represents a rather
important possible application of tethers involving significant fuel economy. Here, the effects of various
deployment schemes as well as out-of-plane librations on tethered payload are studied. Orbital parameters are
calculated for a payload released from a tethered system executing three-dimensional librational motion. This
analysis accounts for the tether mass as well. For planar librations and circular prerelease orbits, a rule called
the 7 + 45 rule is obtained. Interestingly, contrary to intuition, an increase in deployment rate does not necessar-
ily lead to an increase in apogee altitude of the released payload. Typical plots of the altitude gain vs deployment
rate are presented showing peaks and valleys. These could be used to select the optimum deployment scheme for
raising payloads to higher altitudes. Finally, attention is focused on the effect of roll motion on the resulting
change of orbital plane.

Nomenclature
a,e = semimajor axis and eccentricity of the original orbit
a2,e2 = semimajor axis and eccentricity of the final orbit
K = Earth's gravitational constant
^max = fully deployed tether length, e = /max/0
lt = instantaneous tether length
m = total mass of the system, mi + m2 + mt
me = equivalent mass of the system,

m [(MI + mt/2)(m2 + m(/2)/m2- mt/(6m)]
m 10 = initial orbiter mass before deployment begins
n = mean orbital rate, ^/K/a3

R = magnitude of the position vector of the system
center of mass

R = (R/a)
TjU = kinetic and potential energies, respectively
a, 7 = pitch and roll angles, respectively
6 = time anomaly
X = nondimensional instantaneous tether length during

deployment, lt/a
ji = (me/m) = [0*1 + M,/2)G*2 + Mr/2) - /z,/6]
Mi = (ml/m) = (mlo-ptlt)/m
M2 = (m2/m), vt = (mt/m)

Superscript
= d(

Introduction

THE vast potential of tethered satellites is now well recog-
nized. The 1990s could witness considerable space activity

demonstrating specific tether applications. Raising a payload
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by deploying it upward from an orbiter on a long tether and
then releasing it represents a rather important possible applica-
tion involving significant fuel economy.

Bekey1 and Bekey and Penzo2 report that a tethered payload
deployed upward and released will rise to a higher orbit with
its perigee at the release point and its apogee on the opposite
side of the Earth. If the release occurs in a nonlibrating situ-
tion with the tether along the local vertical, the altitude of the
apogee is higher than that of the perigee by seven times the
length of the tether. For a librating tethered satellite system,
this payload altitude gain from perigee to apogee can increase
to 14 times the tether length, whereas in the spinning systems
considered, the corresponding figure could go up even further.
Colombo et al.3 have shown that tethered systems enable sig-
nificant impulse savings for transfer missions from circular
orbits. Their two-dimensional simulation assumes a massless
tether and neglects tether dynamics, integrating only the equa-
tions of motion of the two end masses. On the other hand,
McKinney and Tschirgi,4 while considering Shuttle and space
station-supported tethered satellite systems, account for tether
mass along with gravity gradient in their analysis.
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Fig. 1
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Geometry of motion of a two-body tethered system.
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More recently, Amier et al.5 have focused attention on the
effect of eccentricity of the starting orbit and prerelease three-
dimensional attitude motion on the altitude reached by the
pay load after its disconnection. Kyroudis and Conway6 have
examined the use of an elliptically orbiting tethered dumbbell
system for satellite transfer to geosynchronous altitude. In this
two-dimensional analysis, several tether length and deploy-
ment rate combinations are considered to study their effect on
dV savings. They conclude that elliptical orbits have certain
advantages; they also note that, of the two deployment rates
considered, the higher one leads to large dV savings.

Here, we systematically study the effects of various tether
deployment schemes as well as the out-of-plane libration on
raising of the payload orbit.

Formulation
A general two-body tethered system in a Keplerian orbit

executing three-dimensional librational motion is considered
(Fig. 1). The or biter and the payload have masses m{ and ra2,
respectively. The tether has a mass pt per unit length and a total
mass of mt. The instantaneous center of mass (c.m.) of the
system is located by true anomaly 6 and radial distance R.
Denoted by x0y0 z0 is a rotating coordinate system with origin
at the system c.m. such that the x0 axis is normal to the orbital
plane, the axisy0 points along the local vertical, and the z0 axis
is along the local horizontal completing the triad. The body
coordinate frame xyz has an orientation such that the y axis is
along the tether line.

The orientation of the tether-fixed frame xyz relative to the
X0y0 Z0 frame is described by the angles a and 7. The angle a
denoting the rotation about the x0 axis is called the pitch angle;
it transforms the axes x0, y0, z0 to x\, y\, z\ axes. This is
followed by a roll rotation 7 about the z\ axis that rotates x\ ,
y\9 z\ to the tether axes ;c, y, z. The coordinate frame XYZ
represents an inertial frame with origin at the Earth's mass
center. The unit vectors 10 , J0 , k0 are along the X0,y0,z0 axes;
/, 7, k are along the x,y,z axes; and 7, 7, K denote units vectors
along the X,Y,Z axes, respectively. The position vectors of
masses m\ and m2 are denoted by f\ and r2, respectively. The
analysis is based on the following assumptions:

1) The orbiter and the payload can be treated as point
masses.

2) The only force taken into account is that due to the
gravitational field of the spherical Earth. All other environ-
mental effects are ignored.

3) The tether is rigid and remains straight. Its vibrations can
be ignored.

For formulation of the system dynamics during deployment,
the Lagrangian procedure is adopted. The expressions for the
system's kinetic and potential energies obtained for this pur-
pose can be written as follows:

+ (l/2)ml[(m2 + mt)

= -(Km/R)+ [K/(2R3)]mel2(\-3cos2acos2y) (1)
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Fig. 2 Position and velocity of the payload at the release point.
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It is now easy to apply a Lagrangian formulation to obtain
the equations of motion governing the variation of the general-
ized coordinates R , 0, a, and y in the following dimensionless
form:

R" = R [0'2- (l/R 3)[l - (3/2)/I(Ae//?)2(l - 3 cos2 a cos2 7)]]

0" = -2(R f/R)Of + (3/2)/i(Xe//?)2(l//?3) sin 2a cos2 7

a" = 2(0' + a')|V tanT-(M2 + M//2)OM//i)(X'/A)]

+ 2(R'/R)Of - (3/2)(l/£3) sin 2a[l +/i(AeAR)2 cos2 7]

y" = - [2Gi,/ji)(/i2 + /*,/2)(AVA>y' + (1/2) sin 27

X ((0'+cO2(3//?2)cos2aj] (2)

Position and Velocity of the Payload at Release Point
The position and velocity vectors for the payload mass m2 at

the instant of release define its orbit when it is disconnected.
Hence, these vectors (which we denote by R2 and F2, respec-
tively) should be obtained in terms of R 0, a, 7, and their
derivatives. This in turn requires the X,Y,Z components of
the system angular velocity vector w, which can easily be ob-
tained as follows:

(3)

Noting that

(4)

where r2 is the position vector of the payload with respect to
the c.m., it can be shown that

(5)* 2 -J*cos* + ,2cos cos^Lr!'2 7 > 1

R sin 0 + r2 cos 7 sin(0 + a) \ \ Z2

~r2y cos 7

Rcos6-Rdsin6-r2(d + a) cos 7 sin(0 + a)
- r27 sin 7 cos(0 + a)

/? sin 0 + #0 cos 0 + r2(0 + o:) cos 7 cos(0 -1- a)
-r27 sin(0 + a)

Thus,

R2 = [R2 + rl + 2Rr2 cos a cos 7] '

(6)

(7)

- 2Rr2 [7 sin 7 cos ct + (0 + ct) cos 7 sin a]

+ 2Rr26 [ - 7 sin 7 sin a. + (0 + a) cos 7 cos a] (8)

where

r2=

It may be noted that i7, does not appear in the velocity expres-
sion. This is because it is assumed that the reel-out/reel-in
operations have ended prior to the release of the payload.
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Orbital Elements of the Payload After Release
Once the expressions for the position vector and velocity of

the payload have been expressed in terms of the pitch and roll
motion of the tethered system, the orbital elements of the
payload after release can be determined assuming that it exe-
cutes standard central force motion.

Let j82 denote the angle between the radial line and the
velocity vector of the payload as shown in Fig. 2, that is, the
heading angle is 7r/2-/32. Then,

(9)
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Fig. 3 Typical pitch and roll variations during uniform deployment
and after deployment: a) \t = 15 m/s, y0 = 30 deg; b) (t = 25 m/s,
7o = 60 deg.

The semimajor axis and eccentricity of the orbit of the pay-
load after its release can now be written as

= R2/[2-(R2V2/K)] (10)

(11)

The gain in apogee height is given by

ARa2 = R02-Ra

= a2(\+e2)-Ra (12)

where Ra is the apogee height of the original orbit.
In the presence of out-of-plane librations, the orbital plane

of the released payload differs from that of the original orbital
plane, i.e., Y-Z plane. This plane change can be calculated as
follows. The angular momentum per unit mass is given by

h2 = R2 X V2 = (Y2V2Z-Z2V2Y)1+(Z2V2X-X2V2Z)J

+ (X2V2Y-Y2V2X)K

= hx~I + hYJ + hzK (13)

If /2 is the inclination of the new orbit to the original orbit,
then

An alternate expression that is more convenient for calculating
/ 2 i s

= [(Z2Vix -X2V2Z)2 + (X2V2Y-Y2V2X)2] *

/(Y2V2Z-Z2V2Y) (15)

The expressions for X2, V2X, etc., are obtained from Eqs. (5)
and (6).

Schemes for Tether Deployment
and Numerical Computation

One of the objectives of this investigation is to study the
effect of various tether deployment schemes on gain in apogee
altitude as well as the change in orbital inclination. The de-
ployment schemes considered are as follows.

Uniform deployment scheme:

// = I to + I t t , 'lt = b = const

Exponential deployment scheme:

/, = I to exp(cf)

(16)

(17)

Here, c is chosen so as to ensure the same deployment time
for the uniform and exponential schemes and is given by

(18)

The set of four nonlinear, nonautonomous differential
equations [Eqs. (2)] is integrated numerically. The integration
continues beyond the end of deployment with / = 0 until the
point of payload release, which occurs at the position where
the pitch rate is a maximum, i.e., the payload is aligned with
the local vertical within a tolerance of 5 x l O ~ 4 rad. Next,
Eqs. (5) and (6) are utilized to obtain the position and velocity
vectors of the payload at release, which in turn enable com-
putation of its subsequent final orbit. It is now easy to calcu-
late the payload apogee gain subsequent to the tether release.
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Likewise, changes in the inclination of the orbital plane result-
ing from initial roll disturbance can also be computed using
Eqs. (13) and (15).

7+ 46 Rule
Consider the special case when the orbit is circular and the

out-of-plane librations are absent. Substituting R=y=y=0
and 6 = n in Eqs. (7) and (8), one obtains

(19)

(20)

(21)

Furthermore, using Eqs. (5), (6), and (9), one obtains

cos /32 = -Rr2a sin a/R2V2

For optimum results, R2 and V2 must be perpendicular, i.e.,
cos /32 = 0, implying that a. must be equal to zero. Thus, the
release of the payload must take place when the tether is
aligned with the local vertical, during its libration. Let the
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Fig. 4 Typical plot showing continual pitching drift during exponen-
tial deployment with large ft/ft-

15 20
Deployment rate, If (m/s)

Fig. 5 Typical variation of gain in apogee altitude as influenced by
the uniform deployment rate.

Table 1 Variation of apogee
height gain and semimajor axis

increase with eccentricity

e
0

0.01
0.05
0.10
0.50

ARa2, km
987

1,051
1,630
2,866

18,511

Afl, km
536
536
546
721

2,487

corresponding value of a be «6, where 6 is the ratio of the pitch
rate at the local vertical position to the orbital rate. Equations
(19) and (20) then yield

(22)

(23)

R2 = r2

2 = n[R+r2(\+8)]

The semimajor axis and eccentricity of the orbit of the pay-
load after the tether has been disconnected are given by

(R +r2)/[2-(R +r2)n2[R +r2(l +<5)]2/^} (24)

e2 = {(R + r2)n2 (R + r2(l + d)] 2/#] - 1 (25)

Noting that for a circular orbit, n2 = K/R3, one obtains, after
some algebra,

where

r2 = r2/R

(26)

(27)

It may be recalled that r2 is the distance of the payload from
the system center of mass, i.e., r2<£; thus r2<R and r2<l.
One can thus expand the right-hand side of Eqs. (26) using the
binomial theorem to obtain

Rtt2 = (7 + 46)r2]

Hence, the apogee altitude gain is given by

(28)

(29)

Equation (29) holds for both swinging systems as well as spin-
ning systems. Thus, in the presence of in-plane libration or
spin, the seven-times rule mentioned by Bekey and Penzo2 is
modified to the seven-plus-four-delta rule.

It may be pointed out that r2 is equal to (/*! + ji,/2)£ where
H\ and fjLt are the mass ratios defined in the Nomenclature. In
many practical situations, the masses of the payload and tether
are likely to be small compared to the orbiter mass, in which
case r2« L

Numerical Results and Discussion
To start with, numerical results were obtained for the case

when the initial orbit is circular. The following system parame-
ters were used: m\ = 86,000 Kg; m2 = 23,100 Kg; w, = 500Kg;
lto= initial length of the tether =10 m; /max = the maximum
tether length = 100 km; and R = radius of the circular orbit
= 7516 km. The tethered system is assumed to enter its nomi-
nal circular orbit with the following initial conditions:

ot0 = a<> = Jo = 0
-^

whereas y0 has been allowed to vary to study the effect of the
initial roll angle.
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The deployment scheme has negligible effect on the pre-
release orbit; however, it has significant effects on the pitch
and roll response as shown in Fig. 3 for the uniform case. The
payload mass m2 is disconnected as soon as it attains the max-
imum pitch rate with the tether aligned along the local vertical
after the deployment has been completed (see Fig. 3a, which
shows the release point at o: = 0, 0:= +ve). Interestingly, on
one hand, the deployment excites the pitching librations,
whereas on the other hand, the out-of-plane libration, which is
present by virtue of the initial roll disturbance, exhibits rapid
decay. This damping phenomenon can be explained through
the simplified linearized version of the nonlinear roll equation
in Eqs. (2) in which the deployment rate term plays the role of
viscous damping. In the case considered in Fig. 3b, the linear
deployment, which is quite high, leads to pitching instability.
In view of this large pitching motion, one can expect this
deployment scheme to lead to large apogee altitude gain.

It is interesting to note that, during exponential deployment
shown in Fig. 4, the magnitude of pitch angle a increases
monotonically with time. This may be attributed to the fact
that, if VAZ£,>0.75, exponential deployment is unstable.7

Here, n is the mean orbital rate. In the postdeployment phase,
the amplitude of a, and hence a, continues to remain large,
due to the virtual absence of damping in the system. Hence,
such deployments can be useful for the intended purpose.
The release should occur at oi = 2ir after the completion of
deployment.

Next, the uniform deployment case is examined in detail
to study the apogee altitude gain of the upper mass m2 as
affected by the deployment rates (Fig. 5). It may be men-
tioned here that Kyroudis and Con way6 had observed an in-
crease in apogee altitude of the payload with deployment rate.
Although this is true in a broad sense, an increase in deploy-
ment rate does not necessarily lead to an increase in apogee
altitude of the payload after release. Instead, the plots are
characterized by the presence of peaks and valleys. It is not
surprising that the shape of the curves in Fig. 5 is similar to the
one plotting the final pitch amplitude vs deployment rate in the
work of von Flotow and Williamson.8 In view of Eq. (29), the
altitude gain depends on the maximum pitch rate 6, which in
turn depends on the amplitude of pitch librations after de-
ployment. If 7 = 0, it is possible to obtain an analytical expres-
sion for the amplitude of pitch oscillations for the uniform
deployment case. On the basis of that, it can be shown that 5
is a maximum or minimum when it =^3n?max/irk, where k is
an integer. For the parameters considered here, it becomes
^ = (54/A:) m/s. On the basis of Fig. 5, it is clear that one

1800

15 20
Deployment rate,it (m/s)

600
-80

Fig. 6 Variation of the apogee height gain with pitch and roll ampli-
tudes.

Fig. 7 Typical changes in the inclination of the orbital plane as influ-
enced by 7a (uniform deployment).

should choose a value of deployment rate such that the apogee
altitude gain does not hit a valley.

The effects of three-dimensional librational motion of the
tethered system on the apogee altitude gain are shown in
Fig. 6. In this figure, aa and ya stand for the amplitudes of
pitch and roll oscillations in the postdeployment phase. It
may be noted that, if the amplitude of in-plane pitch oscilla-
tion is small, then roll motion helps as far as apogee height
increase is concerned. However, if aa is large (say 80 deg), then
the addition of roll motion may actually reduce the apogee
altitude. Of course, in all cases there is a change in the orbital
plane.

Attention is now focused on the effect of the initial roll
angle on the resulting change in the inclination of the payload
orbit after release (Fig. 7). The plots show this effect over a
range of constant deployment rates for several cases of non-
zero initial roll angles but with zero roll rate. The changes in
orientation of the payload orbit after release are found to be
rather small, however.

Finally, a set of numerical results were obtained for the case
when the prerelease orbit is elliptical. The parameters used are
mi = 105 kg, m2 = 500 kg, mt = 500 kg, and fmax = 100 kg. The
perigee altitude of the initial orbit was assumed to be 6818 km,
and the eccentricity was varied from 0.0 to 0.5. The maximum
nondimensional pitch rate was assumed as 0.1. The gain in the
apogee altitude and the change in the semimajor axis are
shown in Table 1. It may be noted that a larger altitude gain
can result for higher eccentricity. This is consistent with the
observations of Kyroudis and Conway6 that elliptic orbits have
an advantage over circular orbits for tethered payload release.

Concluding Remarks
The investigation reported here considers a general two-

body dumbbell system in an elliptic orbit executing three-
dimensional librational motion during deployment. The analy-
sis accounts for mass of the tether; however, its transverse
vibrations have been ignored. For illustrations, the case of a
specific 100-km-long tethered system in either a circular or
elliptic orbit has been considered. The study shows that, con-
trary to the intuition, an increase in deployment rate does not
necessarily lead to an increase in apogee altitude of the payload
after its release. The plots of the apogee altitude gain vs de-
ployment rate exhibit clear peaks and valleys. These could be
used to select a suitable deployment rate, from the practically
feasible ones, for raising pay loads to higher altitudes. Finally,
the changes in the orientation of the payload orbit after its
release, subsequent to uniform deployment starting with
nonzero initial roll angles, are rather small and, hence, are
unlikely to have any significant impact on such missions.
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